Summary. Exact solutions of the reduced Helmholtz equation are derived for the case of a spherically symmetric medium in which the velocity has the form v = arPb. If the Earth is modelled in shells of this type then these solutions can be used to approximate the radial wave functions needed for body-wave computations. The spherical layer matrix technique is adapted to the case where velocities vary smoothly within layers.
Introduction
Richards (1974) has shown that for P-SV motion in a smoothly varying medium, scalar potentials P and V exist such that At periods less than about one minute the last terms in (1)-(3) are negligible over large depth ranges in the Earth. We therefore look for the solutions of in a spherically symmetric medium. Legendre transformed and there results
(4)
The spherical symmetry means that (4) may be where The solutions of equation (6) We will use the uniform asymptotic method reviewed by Ludwig (1970) .
We assume without proof that the solutions have the form in which Z,(w) is a spherical Bessel or Hankel function of order u and argument w. Note that u is independent of radius r. Z,(w) satisfies
w2 aw aw Substitution of (7) into (6) and the use of (8) yields equations (9). The dot denotes 'a/ar'.
The form of (7) leads us to expect that s and w are not uniquely defined by (9). Since we wish the derivatives of (7) to be easy to calculate we impose the additional condition It is not obvious that solutions to (9)-(10) exist but it is not difficult to show that if we set s(r) = 1 then (9)-(10) simplify to a set which is inconsistent unless k(r) is constant. By (10) the right-hand side of (9a) is a known function which we shall call f ( r ) .
By (9a) S = sf so s = exp(lfdr), Y = s(f" +f) and (9b) reduces to
wz But in aeriving equations (9) it was assumed that u(n) was not a function of r. Thus we obtain the equation for k(r) Equation (13) looks formidable but we can show that it has at least one class of solutions.
This class is of the form
The absolute values in the denominators of (15) and (17) ensure that the direction of energy propagation associated with the choice of 2 in (7) will be independent of the sign of b t 1 . These cannot be used if attenuation is to be accounted for by making velocities complex. In that case the absolute values should not be taken in (15) and (17) but for purposes of making Debye expansions it should then be borne in mind that if the real part of b t 1 is negative then the directions of propagation associated with sh:)(w) and shr)(w) are reversed. if u is constant. x is the vector from the source point to the field point.
The Fourier transformed versions of (2 1) and (22) are
If we chose a system of spherical coordinates (r, 8,g) for which the source point is located on the polar axis at radius r, and the field point is at radius r separated from the receiver by angular distance A then (24) has the well-known partial wave expansion ik 4 = -(n t 1 /2) h$)(kr>) j, (kr,) P, (COS A) 2n n=O in which r> = max (r, rs) and r< = min (r, r,). If now in (2 1) we take
then the analogue of (25) is Equation (26) is exact and is easily obtained by the same method used to derive (25). A typical wavefunction of degree n is tt) (r) QR) (COS A).
If kr % 1, n % 1 and kr -(n + 1/2) 2 (n t 1/2)'j3 then
If these expressions are substituted into (27) then the phase of (27) is found to vary most rapidly along paths on which the quantity 'p', called ray parameter, is constant. We find n+1/2 -( U + 1 / 2 ) l b t l l
P=--w w
With the aid of (31), (28) may be written in the form In equation (32) t(p) and B ( p ) are the travel time and angular distance from the turning point radius to radius r for a ray of parameter p. Allowing for a slight difference in notation the formulae for r(p) and 001) are those given by Julian & Anderson (1968, equations (17) and (19), p. 363).
Matrix calculations
We now adapt the spherical layer matrix of Phinney & Alexander (1966) The second and fourth column vectors of U are given by
In (41) In (39) and (41)
To obtain U-' we follow Chapman & Phinney (1972, p. 183) who noted that the column vectors of U are orthogonal with respect to the inner product defined by
We first form the matrix V whose entries are obtained from those of U by
Now divide the first and third rows of V by 
The resulting matrix is U-'. If in (39) and (41) the standing-wave solutions r), and 2 t , are substituted for t : ) and ti2) respectively then the factor i should be omitted from (46) and (47). In practice the standing-wave solutions are much better. Their use means that all the entries in U and U-' will be real. Also q, and &n are numerically satisfactory for all real n whereas and ti2) are not numerically satisfactory if
In the region (48) 9 , grows exponentially with n and t,, decays exponentially with n. This is not troublesome since the column vectors of U may be scaled provided that the row vectors of U-' are scaled inversely by the same factors. Internal scaling factors can be selected automatically during computing and need not be saved except in those layers in which a rainbow expansion is made. Use of the spherical layer matrix with inhomogeneous layers for integration of the P-SY system through zones where velocities are rapidly varying is consistent with the use of WKBJ theory outside such zones. The number of layers required to model such a transition zone is smaller if the layers are allowed to be inhomogeneous. One possible use of the technique is in the computation of synthetic seismograms for body waves which have their turning points in or near such anomalous zones. -&other is the computation of the eigenfrequencies of normal modes in the asymptotic region of the w-2 diagram (R. A. Phinney, unpublished manuscript) .
The spherical hyer matrix in inhomogeneous media
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Conclusions
Solutions of the reduced Helmholtz equation for media which satisfy the Mohorovicic velocity law are given in terms of spherical functions. If the Earth is divided into layers parameterized in this way then the spherical layer matrix can be used to calculate approximate reflection and transmission coefficients for discontinuities or-transition zones.
